We have modelled the formation of the eccentric double-degenerate binaries J1141−6545 and B2303+46 using the Henyey-type full stellar evolution code STARS and the population synthesis code BSE. We find that the outcome depends strongly on the common envelope (CE) evolution efficiency parameter α CE and show that both systems can be modelled with a single value of α CE . The final orbit of the system depends critically on the order of Roche lobe filling events. The phase space of progenitors and the different evolutionary pathways followed by binary stars that form eccentric double-degenerate binaries in the two codes are compared. We show that the pathways are similar between the codes and that the distribution of progenitors in mass and separation phase space is qualitatively the same, thus validating the use of BSElike population synthesis for simulations of this type. The phase space of initial parameters is very different to that obtained using ad hoc arguments about the evolution, which shows that such arguments are insufficient to model evolutionary pathways of this complexity. There are some differences associated with the prescription adopted for CE evolution but these are not qualitatively significant. We investigate the dependence of the formation mechanism on wind mass loss and the CE efficiency parameter α CE , showing that it depends strongly on the latter but rather less on the former.
I N T RO D U C T I O N
Two binary systems are known to contain a white dwarf (WD) and a neutron star (NS) in eccentric orbits, B2303+46 (van Kerkwijk & Kulkarni 1999) and J1141−6545 (Kaspi et al. 2000) . They provide an interesting puzzle in stellar evolution theory. Without interaction within the progenitor binary, we would expect the NS to form first because it has the more massive progenitor. During the subsequent giant phase of the WD's progenitor, tides induced in the giant's envelope are expected to remove any eccentricity induced by the NS's formation. The existence of these two binaries suggests that there must be some more complicated pathway for their formation. They are also interesting as possible gravitational wave emitters and X-ray binary progenitors. A mechanism for the formation of these WD-NS binaries was proposed by Portegies Zwart & Yungelson (1999) and expanded upon subsequently by others (e.g. Tauris & Sennels 2000; Davies, Ritter & King 2002, hereafter DRK) . A binary system comprising two intermediate-mass zero-age main-sequence stars is E-mail: rpc25@ast.cam.ac.uk considered. The primary 1 star fills its Roche lobe in the Hertzsprung gap, transfers its hydrogen envelope to the secondary and repeats the process as a helium star. It then ceases burning and forms a WD. The greatly enlarged secondary now fills its Roche lobe. Unstable mass transfer ensues and a phase of common envelope evolution (CEE) takes place, in which the WD spirals into and subsequently ejects the envelope of the giant, to form a tight binary consisting of a helium star and the WD. The helium star is assumed to lose its remaining envelope either via very non-conservative mass transfer where the mass is lost in a wind or from a disc around the WD if it fills its Roche lobe. This is similar to the evolution envisaged for Cygnus X-2 (King & Ritter 1999) , with the compact object being a NS in that case. Finally, the secondary explodes as a supernova, forms the NS and imparts eccentricity to the system by asymmetric ejection of the envelope. This pathway is very similar to that envisaged for the formation of double NS binaries (e.g. Dewi et al. 2002) . Table 1 . Some of the parameters of the two observed eccentric WD-NS systems. Total masses obtained from the rate of periastron advance and the directly measured periods were used to calculate the semimajor axes. The errors given for the semimajor axes are dominated by the mass measurement. The formal errors in the eccentricity are sufficiently small as to be irrelevant for the purposes of this work. Data for B2303+46 are taken from Stokes, Taylor & Dewey (1985) and van Kerkwijk & Kulkarni (1999) , and data for J1141−6545 are from Kaspi et al. (2000) .
System
J1141−6545 B2303+46 Previous modellers of these systems have used analytic fits to the output of stellar evolution codes to carry out population synthesis of various degrees of sophistication. However many of the processes involved, such as thermal time-scale mass transfer and thermohaline mixing in envelopes with an inverted composition gradient, are thought to be modelled poorly or not at all by population synthesis. Therefore, to make a more accurate model of the population and investigate the reliability of different approaches to modelling binary populations, we compare models of the population of eccentric WD-NS binaries as produced by three different methods, the simple population synthesis of DRK, the more advanced binary population synthesis code BSE and the full stellar evolution code STARS. Our models are aimed at reproducing the semimajor axes and eccentricities of the observed systems, the parameters of which can be found in Table 1 .
In Section 2, we describe some of the physics that vary significantly between different stellar evolution codes and how it might affect the evolution of binary systems. Section 3 describes the different codes that we used and Section 4 the population synthesis results. The effect of changes to some of the physical inputs is considered in Section 5, and conclusions are drawn in Section 6.
P H Y S I C S O F B I NA RY S T E L L A R E VO L U T I O N
A binary star system evolves as two individual stars unless the separation is sufficiently small to permit interaction. In interacting binaries, various additional processes take place that can affect the evolution of the stars. Some of those processes and methods of treating them are described below.
Common envelope evolution
CEE occurs when mass transfer takes place on a dynamical timescale (e.g. from the extended convective envelope of a giant). Mass is transferred much faster than the accretor can accept it and the accretor is engulfed by the envelope of the donor. Some frictional process causes the accretor to spiral in towards the core of the donor, liberating orbital energy. This drives off the common envelope (CE) and leaves a tight binary surrounded by a planetary nebula.
The standard model for CEE is the energy balance prescription. A parameter α CE is introduced as the ratio between the energy required to remove the common envelope, its binding energy E bind and the change in orbital energy:
where M 1i and M 1f are the initial and final masses of the donor, a i and a f the initial and final orbital separations and M 2 the mass of the accretor. The physics of CEE play a very important role in the formation of WD-NS systems -it is necessary to form a tight binary whilst avoiding merging. Calculation of the amount of envelope lost and resultant change in the orbital separation is crucial to determine which systems form WD-NS binaries.
Spin angular momentum and tides
A binary star system contains angular momentum in the stars' orbit and spins. When one star becomes sufficiently large, its companion may induce tides in its envelope which have two effects on the orbit.
(i) Orbital eccentricity and any misalignment between the spins and orbit decay exponentially (circularization and alignment).
(ii) Angular momentum is transferred so as to equalize the orbital and spin rotation rates (synchronization).
When one star comes close to filling its Roche lobe, both these processes occur quickly compared to the thermal relaxation of the stars. Hence, the orbits of interacting binaries can be considered to be aligned, circular and synchronized. Usually, the moment of inertia of a star is small compared to that of its orbit but as a star swells to fill its Roche lobe its moment of inertia can increase dramatically. Presuming that it remains synchronized, this requires angular momentum to be transferred from the orbit to the star, tightening the orbit. For massive stars ascending their giant branch, this can be a significant effect. If the star expands to the point where the orbital angular momentum satisfies
where I * is the moment of inertia of the expanding star and its angular speed, then the orbit becomes unstable (Darwin 1879 ) and the stars spiral together on a tidal time-scale. If both are mainsequence stars, this leads to their merging. However, if one or both stars are giants with extended envelopes a phase of CEE occurs.
Response of the secondary to accretion
The accretion of material on to a star changes its properties in several ways. The matter accreted settles to the star's envelope and causes it to expand. In the extreme case, the Roche lobe of the accreting star is filled and a contact binary forms. If the material accreted is of different composition to the accreting star (e.g. the accretion of helium on to a hydrogen giant), an inverted composition gradient can form in the accretor's envelope. Such an envelope mix by thermohaline (salt finger) mixing (Kippenhahn, Ruschenplatt & Thomas 1980) and the composition change and mixing may affect the behaviour of the envelope. Though the time-scale for thermohaline mixing is not well known, it is likely to be of the order of the thermal time-scale and so much shorter than the nuclear time-scale of evolution. The other significant effect of accretion is to accelerate the accretor's evolution. The greater weight in the envelope increases the pressure at the core necessary to support the star which accelerates nuclear reactions there. This effect can cause the secondaries evolution to overtake that of the initially more massive primary.
Mass-loss prescriptions and winds
No general theory of stellar winds exists. Instead, empirical formulae are usually used. Foremost amongst these is Reimers' mass-loss rate quoted in Kudritzki & Reimers (1978) :
where the parameter η is of the order of unity and may vary between different phases of evolution. We take η = 0.5 throughout. Despite the limited applicability of Reimers' law, which was derived for and fitted to red giant stars, it is convenient to use it for the main sequence and WD phases of intermediate-mass star evolution as well. There, it correctly predicts negligible mass loss. One set of objects of particular interest for these models where the Reimers' law is not thought to be accurate is naked helium stars. For these, we use a rate of the forṁ
which gives stronger mass loss (Hurley, Pols & Tout 2002) . The mass lost in winds carries angular momentum away. We take the rate of loss of angular momentum to bė
where the first term is the specific orbital angular momentum of the donor and the second is the angular momentum from the stellar spin. We assume that mass is lost spherically and magnetic breaking can be neglected.
Mass and angular momentum loss during accretion
It is not clear that stable mass transfer proceeds conservatively; i.e. all the mass lost by the donor is accreted. Furthermore, if some of this mass is considered to escape the system, it is not obvious how much angular momentum it should carry away. Assumptions made about mass and angular momentum loss can significantly alter the evolution of the systems. Mass lost in transfer between the primary and secondary reduces the resulting secondary mass and thus might prevent NS formation. Furthermore, the loss of mass and quantity of angular momentum it takes with it affect the orbit of the system. The separation of a binary after mass transfer determines whether either of the stars will fill their Roche lobe again, and if so during which phase of evolution. Hence, changes to a binary's orbit can substantially change its evolution.
Supernova kicks
The formation via a supernova explosion of the NS in a WD-NS binary can induce eccentricity in its formerly circular binary orbit in two ways. The very rapid mass loss effectively changes instantaneously the mass of the exploding component without changing the two components' velocities. This leads to an eccentric orbit. It is also believed that an asymmetric supernova explosion may impart a kick to the NS at formation in the form of an instantaneous change in velocity. This scenario was initially proposed by Shklovskii (1970) to explain the high spatial velocities of isolated pulsars (many of which are observed above the Galactic plane) and the lack of binary pulsar systems. Despite subsequent years of investigation, the distribution of kick velocities remains unclear. Many different methods have been used to study it, including proper-motion velocity measurements of isolated pulsars (notably Lyne & Lorimer 1994; Hansen & Phinney 1997) , association of young pulsars with supernova remnants (Frail, Goss & Whiteoak 1994) and measurements of the orbits of eccentric binary pulsars (Hughes & Bailes 1999) .
Each method has difficult systematic errors associated with it. Velocities from proper motion measurements depend on distance measurements which in turn are dependent on the somewhat uncertain galactic free-electron density distribution (Taylor & Cordes 1993) . Supernova remnant associations depend both on pulsar distances and on ages of the supernova remnants. Calculations are based on binary orbits on the adopted distribution for the initial parameters of the binaries. Different authors find widely differing kick distributions. In some cases, this is despite using the same methods. Iben & Tutukov (1996) even suggested that there are no velocity kicks associated with supernovae, although this conclusion appears to have found little favour within the community (e.g. van den Heuvel & van Paradijs 1997).
C O D E S
We have used the binary population synthesis code BSE and the stellar evolution code STARS to model the populations of WD-NS binaries. In both the cases, calculations were carried out at solar metallicity (X = 0.7, Z = 0.02). A separate code was used to compute the effect of velocity kicks from supernovae on the orbits of systems produced by both codes.
BSE
We use the stellar evolution formulae of Hurley, Pols & Tout (2000) with the binary evolution algorithm BSE described in Hurley et al. (2002) . A full description of how the code treats binary evolution can be found therein. Of particular interest for this work is the treatment of CEE which follows the energy balance prescription as described in Section 2.1. The envelope binding energy is calculated by
where M env1 is the mass of the envelope (when star 2 does not have an appreciable envelope), R 1 the radius of the donor star and λ CE a parameter that depends on the structure of the envelope. Here, λ CE is taken from fits to models of giant stars from Dewi & Tauris (2000) . If either core would have filled its Roche lobe during the process, then the stars are assumed to have merged. They are combined into a single giant star, the mass of which is calculated according to the amount of mass lost when one core first fills its shrinking Roche lobe. During mass transfer following Roche lobe overflow, the total mass and angular momentum of the system are conserved except in instances of CEE or when the Eddington limit is imposed such that the accretor cannot accrete all the mass being transferred. Accretion on to compact objects is modelled by a set of prescriptions. In nova systems (accretion of hydrogen at a low rate), a small fraction (10 −3 ) of the material is accreted and the rest expelled in explosions. Accretion of helium on to a carbon-oxygen WD leads to the explosion of the WD via edge-lit detonation; accretion of helium on to an oxygen-neon WD merely increases the mass of the accretor, unless this exceeds the Chandrasekhar mass, in which case it collapses quietly to a NS. More details can be found in Hurley et al. (2002) .
Various parameters are used by the BSE code in addition to the masses of the stars and orbital separation. These were all set to the default values given in Hurley et al. (2002) with the exceptions that the Eddington limit was imposed on accretion and a value of 
STARS
The STARS code was written by Peter Eggleton (Eggleton 1971 ) and has since been extensively modified (e.g. Pols et al. 1995) . We have made several modifications to the code to improve its usefulness for modelling WD-NS systems.
Evolution of two stars
We modified the STARS code so that two models of two stars are held in memory at once. Evolution proceeds semisimultaneously with the code switching between stars. The choice of which star to advance next is made on the basis of a series of tests designed to prevent a star with a large time-step from evolving past significant changes in its more rapidly evolving companion. Changes in the orbital parameters owing to mass loss, mass transfer and spin-orbit coupling for each of the stars are accounted for at each time-step and the best estimate of the orbit at that time calculated with information from both stars. The orbit is considered to be circular, and both stars are considered to rotate synchronously with the orbit at all times. Whilst this is not accurate for early phases of evolution when the binary is wide (far from filling its Roche lobe), tidal effects are in general strong enough to cause circularization and synchronization of the orbits before mass transfer begins. This assumption effectively changes slightly the initial separation of the systems because, were they not initially corotating with the orbit, some angular momentum would be transferred from the orbit to the stars to spin them up. This effect is, however, small as the moments of inertia of the stars are generally very small when the stars are on the zero-age main sequence.
Mass transfer
The algorithms for mass transfer have been modified so that the accretor gains material of the same composition as the donor loses. This ensures conservation of chemical species. Loss of mass and angular momentum in non-conservative evolution is parametrized bẏ
anḋ
where star 1 is taken to be the donor, J i is the specific angular momentum of star i, and f , f 1 and f 2 are supplied parameters. For most of the mass transfer events, we assume conservative transfer (i.e. f = 0) because there is no clearly preferred alternative assumption even though some systems, for example Algol, cannot be correctly modelled with conservative mass transfer (Sarna 1993 ). An exception to this is accretion of helium on to a carbon-oxygen WD. We take this to proceed in a manner analogous to Cygnus X-2. The transferred material does not settle on to the accretor but is lost from a disc around it. Hence, mass transfer is very non-conservative but the mass lost carries off the specific angular momentum of the accretor. In terms of our parametrization, this means that f = 1, f 1 = 0 and f 2 = 1.
Common envelope evolution
We have developed a routine to pseudo-evolve through CEE. It is triggered when the mass-loss rate of either star reaches 10 −3 M yr −1 or when a binary containing a giant has insufficient angular momentum to remain stable. During CEE, composition changes due to burning are disabled but energy production retained to simulate the short duration of the phase. Mass is taken off at a rate proportional to the radius of the star but capped at 10
Although this is substantially smaller than the maximum mass transfer rates that would be found in real binaries undergoing CEE, it is approaching the fastest mass transfer rate at which the code can stably converge. To test the validity of this assumption, we ran one model again, capping at 2 × 10 −4 M yr −1 . The difference between the final radii and masses of the models was negligible. The orbit is then calculated according to equation (1). To calculate the envelope's binding energy, we assume that each element of mass δm is lost from the outside of the envelope with binding energy
where we use the radius and mass of the donor at that point in time and integrate over the duration of the common envelope phase. At each time-step, we calculate a post-CE orbital separation. This allows us to stop CEE at the point when the donor stops filling its Roche lobe instead of assuming that the envelope is taken off up to some core mass. It also allows us to dispense with the parameter λ CE . If at any point the other star fills its Roche lobe, the system is considered to have merged. This is a reasonable condition when this star is not a giant with an envelope that could contribute to the common envelope. In the models considered here, it is always a WD or naked helium star. The difference between the formalisms does, however, prevent direct comparisons of the value of α CE between models made with the two codes.
Miscellanea
Models were computed with the mixing length parameter α = 2, as calibrated to a solar model. Convective overshooting was not included. Thermohaline mixing has been added to the code via an extra diffusion coefficient according to the prescription of Kippenhahn et al. (1980) to improve the modelling of envelopes with an inverted composition gradient. No attempt was made to evolve contact systems where both stars fill their Roche lobes simultaneously. It was assumed that such binaries would eventually merge.
Assuming evolution was not truncated by merger, we calculated the onset of neon burning in the secondary star. This is very close to the supernova explosion, and the star does not move much more in the HR diagram. In a small but insignificant number of cases, the models broke down before this point due to numerical issues that we were unable to resolve.
Supernova Kicks
A simple post-processing code was used to compute the effect of velocity kicks and mass loss on systems exploding as a supernova. We assumed that the mass of the star is lost instantaneously and that this process does not affect the motion (i.e. velocity) of the star other than for a single change in velocity or kick. We applied a kick randomly chosen from the preferred distribution of Hughes & Bailes (1999) from a spherically isotropic distribution. If the resulting system was bound, the new orbit was computed and the semimajor axis and eccentricity calculated. We made no attempt to synthesize a representative population of progenitors and hence post-kick orbits. That would have required the calculation of grids of models with the STARS code at a range of separations, and hence would have been prohibitively expensive in terms of computer time and more significantly operator time in tweaking models that did not immediately evolve sufficiently far to determine the nature of the supernova progenitor. Hence, the choice of kick distribution is of limited importance because we are not trying to constrain the relative frequency with which systems are formed, just whether it is possible to form the observed systems using the evolutionary methods considered.
R E S U LT S
Investigation of the parameter space for WD-NS binary formation proceeded as a two-step process. First, we investigated the extent of the parameter space with BSE to see how it compared to the bounds determined by DRK. Secondly, once we had established some constraints, we investigated the regions found using the STARS code on coarser grids and compared the details of the models with those produced by BSE.
Pathways
Before considering the quantitative results from the two codes, it is useful to undertake a qualitative survey of the pathways followed by the systems in the two different codes. We found that the aspect of the evolutionary history most significant for the type of system produced was the order and nature of the Roche lobe filling events. Over all the results from the STARS code, we saw three different pathways. These are summarized in Table 2 and in graphical form in Fig. 1 .
If the primary fills its Roche lobe again after CEE (pathway 1), the loss of angular momentum tightens the binary compared to its pre-CEE separation. This forms the majority of WD-NS binaries found in the models. The wider systems come from pathway 2 in which the common envelope phase occurs before the second transfer of material from the primary star. The helium envelope of the primary is subsequently transferred. This, because the primary is then the lower mass star, causes the orbit to widen. This sort of evolution is mostly seen in systems where the initial masses of the two stars are similar and therefore the evolutionary time-scales are sufficiently similar for mass transfer to change the order of evolutionary events. Table 2 . Different evolutionary pathways followed during the formation of WD-NS binaries by the STARS code as described in Section 4.1 (see also Fig. 1 If the secondary fills its Roche lobe before the supernova explosion, the orbit shrinks and a tighter system is produced instead (pathway 3). Accurate calculation of the durations of different evolutionary phases is critical to correctly model these systems.
As it was possible to model a much larger number of systems, some pathways were found in the BSE results that did not appear in the STARS results. Some systems with large separations, 500 R to over 10 4 R , were found to form WD-NS systems. In these models, the primary star fills its Roche lobe for the first time on the AGB. CEE then ensues and subsequent evolution leads to a binary WD system with a massive oxygen-neon primary and a less massive carbon-oxygen secondary. The binary tightens under the influence of gravitational radiation until the lower mass, and hence larger, secondary fills its Roche lobe. Mass is transferred on to the primary until it reaches the Chandrasekhar mass. As the primary is at this stage an oxygen-neon WD rather than a carbon-oxygen WD, the supernova is due to core collapse and a NS is formed. These models can be ruled out as progenitors for J1141−6545 and B2303+46 because the mass of the WD is usually under 0.2 M once sufficient mass has been transferred to cause the supernova. This is much smaller than the masses of the observed systems. In addition, more interesting systems were found in the normal range of separations. In some binaries after the initial mass transfer, the primary filled its Roche lobe again and underwent CEE (pathway 4). This was followed by another phase of CEE when the secondary filled its Roche lobe and led to the formation of a WD and a NS. Similarly, in some systems where the secondary fills its Roche lobe first after the initial mass transfer, the third phase of mass transfer from the primary to secondary also proceeded via a common envelope (pathway 5). These two extra pathways are illustrated in Fig. 2 .
A second important difference between the pathways in the STARS and BSE codes is that in the latter the accretion on to a WD from helium giant, which is assumed in STARS to take place through non-conservative mass transfer in a Cygnus-X2-like system, in BSE occurs through CEE. This changes both pathways 1 and 3. The full range of pathways found with the BSE code is listed in Table 3 .
Results from BSE
Initially, models across the parameter space defined in DRK were evolved with α CE = 1. However, we found progenitor models at wider separations and greater masses than those predicted by DRK and so enlarged the parameter space. Models were selected on the basis that they formed a WD and a NS in that order. Suitable models had primary masses between 6.0 and 9.5 M and secondary masses between 4.9 and 7.2 M but were found only at separations in the ranges 50-100 R . Systems were found at much larger separations but were discounted on the basis that they formed with very low WD masses as explained above. Having obtained these parameters, we refined our grid to that given in Table 4 . The distribution of the systems forming WD-NS binaries across the progenitor phase space is shown in Fig. 3 .
It can be seen that the distribution of systems that form WD-NS binaries in BSE is very different from that found by DRK. Most of the systems considered to form WD-NS binaries by DRK do not do so with BSE. There are a variety of reasons, but two significant failures are systems that lose too much mass during their evolution to form a NS and thus expire as binary WDs and systems that merge during CEE. One major difference is the treatment of the secondary star. A 2 M star that has accreted 5 M of material does not behave exactly as a 7 M star. BSE attempts to account for this affect by Figure 1 . The different pathways for formation of WD-NS binaries as described in Section 4.3. Curved arrows indicate mass transfer, dashed arrows orbital shrinkage or expansion during mass transfer. For quiescent phases of evolution, larger circles indicate more massive bodies; for phases of evolution with mass transfer larger circles indicate larger radii. Large shaded ellipses encompassing both stars indicate phases of CEE and WDs with a mass-losing accretion disc indicate Cygnus-X-2-like systems. The system with a lighter circle encompassing a darker one has an inverted envelope composition gradient. Pathways 1 and 3 form tighter J1141-like systems, pathway 2 wider B2303-like ones.
considering both the envelope and core masses of the star, whereas the formulae used by DRK do not. DRK also assume much larger mass helium stars than those found by BSE. The lower-mass helium stars in BSE always fill their Roche lobes and so DRK's pathway for formation of B2303+46, where a helium star loses mass by a strong wind and hence widens the orbit, is not seen.
The majority of the binaries that formed WD-NS systems did so at the end of a common envelope phase. After CEE, a core of more mass than the Chandrasekhar mass is left. This undergoes core collapse. Assuming that the orbit is not affected by the remains of the gas ejected during the common envelope phase, we subjected each WD-NS binary that formed to a set of 10 velocity kicks to produce the distributions shown in Fig. 4 . Velocity kicks were chosen at random from the distribution of Hughes & Bailes (1999) as described in Section 2.6.
To reproduce the parameters of the observed systems, it is necessary to use a large value of α CE in order to generate wide B2303-like systems without merging and also to prevent J1141-like systems from becoming too hard during CEE. To this end, we ran another grid of models with α CE = 5.
The results for calculations at α CE = 5 seem to be divided into two parts, a large population of hard systems with a between 0.5 and 2 R and a diffuse, less numerous set of systems at larger separations. The former set is found to all merge on time-scale less than the Hubble time owing to gravitational radiation. This could account for the fact that one wide and one hard binary are seen despite the much larger number of hard binaries produced by the simulations. But, of course, the number of systems observed is not sufficiently large to draw statistically useful conclusions.
Results from STARS
Given the results presented above, two smaller populations were modelled with STARS to see how models calculated with full stellar evolution differ from those produced with a synthetic code. Because the results from the synthetic code appear to be localized in separation, runs were carried out with primary and secondary masses in the range 5-10 M with steps of 0.5 M , initial separation a i = 60 R and α CE = 2. The results are shown in Fig. 5 .
The results show that there is a limit on the mass of the secondary star below which a WD-NS system cannot be formed because the secondary is insufficiently massive to undergo core collapse. Similarly, there is a reasonably clear upper primary mass above which the binaries merge in CEE. Within these limits, most progenitors form WD-NS binaries. The plot of e against a suggests that there are two distinct populations of systems. In the first population, the binary is tight at the time of the supernova with orbital period typically less than 1 d and forms a system with small a. This population includes models similar to J1141−6545 but also many hard binaries with very large eccentricities. In the second population, the binary is wider at the supernova (orbital periods of the order of 10 d) and forms wide systems with higher eccentricities similar to B2303+46. These two populations can be explained by formation via different pathways. Table 3 . Different evolutionary pathways followed during the formation of WD-NS binaries by the BSE code as described in Section 4.1 (see also Fig. 2 Table 4 . Grid of parameters used to create the BSE models. Each parameter was varied between the minimum and maximum values listed at with the given step size. observed systems well. They are not strictly comparable because the former contains only models with initial separation a i = 60 R whereas the latter contains results from a grid of models. However, they are useful to compare the spatial distribution of the systems following different pathways. The differences between the two sets of results are mostly caused by the much larger range of models calculated with the BSE code. Looking at the space, similar pathways are followed in similar parts of the phase space. In both cases, where M 1 is substantially larger than M 2 , WD-NS systems form by pathway 1. Pathway 2 evolution is seen when the two stars have similar masses. No pathway 3 systems were seen in this set of STARS results; in the BSE results they also tend to form when the masses of the two stars were similar and for large mass primaries. Pathways 4 and 5 were only seen in small numbers again for roughly equal initial masses. These rarer systems are not seen in any of the results from the STARS code. Qualitatively, other than for the great difference in the number of systems observed, the distribution of the results is very similar for the two codes.
Comparison of pathways
α CE = 1 α CE = 5
Comparison of detailed models
To illustrate some of the differences between models run with BSE and STARS, we choose a pair of representative models which follow different pathways in STARS. The STARS models had α CE = 2 and the BSE models α CE = 5. These values provide a reasonable fit to the observed systems in both cases and the parameter is not strictly comparable between the two codes. The masses and separations of the two systems, as they evolve, are plotted in Fig. 7 . Some general observations which can be made are as follows.
(i) Evolutionary time-scales are shorter in STARS than in BSE by up to 10 per cent. This is probably due to the inclusion of convective overshooting in the models on which BSE was based.
(ii) The initial period of stable mass transfer usually transfers more mass in STARS than in BSE, leading to wider orbits. This does not have much effect on the subsequent evolution because the effect of the common envelope phase dominates the subsequent evolution of the orbit.
(iii) Differing criteria and models for CEE lead to qualitatively different evolution. Some evolution that does not reach dynamical mass transfer rates and thus is stable in STARS is considered to be unstable in BSE and a common envelope phase takes place. Whether a system merges and the amount that its orbital separation changes owing to CEE varies between the two codes because of the different implementations of the common envelope prescription. We attempted to include the BSE common envelope prescription in STARS, but the assumptions about core and envelope masses that BSE makes are not necessarily the same as the values calculated in the STARS models. This means that the algorithms do not behave sufficiently similarly to produce a more useful comparison.
Comparing the individual systems
The evolution of a pathway 1 system (first in Fig. 7 ) is qualitatively the same with both codes except for the second transfer of mass from the secondary. This proceeds via CEE in BSE. The separation is larger for the STARS models from the second phase of mass transfer from the primary to the onset of CEE at 48 Myr. The amount of mass transferred in the periods of stable mass transfer is slightly larger in the STARS models. This causes the WD to end up at slightly lower mass than in the BSE models. Other than this, the final parameters of the systems are very similar.
A pathway 2 system with STARS does not exactly follow a pathway 2 type evolution in BSE. During the CEE phase in BSE, both the Roche lobe filling secondary and the primary lose mass because they are giants. In STARS, the primary is not a giant at this point and hence does not contribute to the common envelope. So the BSE model ends up much tighter after CEE. In STARS, the primary fills its Roche lobe again after the common envelope phase and hence the system widens. In BSE, the secondary fills its Roche lobe for a second time and there is another phase of CEE that further tightens the orbit. Thus, although the two models end up with similar masses at the supernova explosion, their separations differ by a factor of approximately 50.
D I F F E R E N T I N P U T P H Y S I C S
To see what effect CEE and winds have on WD-NS formation, we evolved models with STARS varying α CE and the wind mass-loss prescription.
Common envelope efficiency α CE
A set of models with initial separation a i = 60 R and a range of primary and secondary masses from 5 to 10 M (as in Section 4.3) was run with common envelope efficiency parameter α CE = 1.5 or Table 1 ). The left-hand graph is for evolution with α CE = 1 and the right-hand graph α CE = 5. Each evolved system has been subjected to a set of 1000 different kick directions and velocities, chosen at random from the distribution of Hughes & Bailes (1999) . The two crosses indicate the measured parameters of the two known WD-NS systems (see Table 1 Figure 6 . Pathways for formation of WD-NS systems. The axes represent the primary and secondary masses of the progenitor systems. Dots represent systems forming via pathway 1 (pathway 1a for BSE), squares systems forming via pathway 2, crosses systems forming via pathway 3 (pathway 3a for BSE), triangles systems forming via pathway 4 and circles systems forming via pathway 5. For the STARS, model evolution was carried out at a i = 60 R , whereas for BSE a range of initial separations was used. Where different separations caused systems with the same initial masses to form WD-NS systems, then multiple symbols are shown at the same point. The upper panel shows results from BSE and the lower results from STARS.
5. The results are presented in Fig. 8 . It can be seen that varying the value of α CE has two major effects.
(i) As α CE is increased more WD-NS binaries are formed. This is because the energy required to eject the envelope decreases with increasing α CE , so systems avoid merging up to a higher mass. For α CE = 5, the phase space in which models are produced is probably larger than the phase space considered here. Higher α CE also makes CEE more efficient. Because the final orbits are wider, less mass is lost from the system. This reduces the number of secondaries that have insufficient mass to form a NS.
(ii) The post-CE systems produced with larger α CE are wider because less orbital shrinkage is necessary to provide sufficient energy to eject the envelope. This restricts the range of values of α CE for which WD-NS binaries can be formed. Evolution with a i = 60 R , α CE = 1.5 fails to form any systems wide enough to form B2303+46, whereas α CE = 5 fails to form any systems close enough to be J1141−6545. Calculations across a wider parameter space and on finer grids would be needed to place rigorous limits on α CE and it is by no means clear that α CE is the same for different systems or different common envelope phases. Quite possibly, the two observed systems could be the product of evolution in binaries where different values of α CE apply. However, it is not necessary to invoke such a scenario as both can be formed with α CE = 2.
Winds
To look at the effect of mass loss, the models from Section 4 were evolved without winds. The results are presented in Fig. 9 . Mass loss via stellar wind carries away angular momentum, so its effect is usually to widen the orbit of a binary. Therefore, evolution without winds tends to lead to more massive secondaries at the point of common envelope, and thus a larger fraction of merged systems. However, the separations of the binaries at the time of the supernova are largely controlled by the parameters of the systems after the common envelope phase. This is because the helium stars are relatively small and of low mass. Thus, the wind only has a small effect on the distribution of separations and eccentricities after the supernova.
D I S C U S S I O N A N D C O N C L U S I O N S
The models calculated here suggest a two-path process for the formation of eccentric double-degenerate binaries with a WD and a NS. If both phases of mass transfer from the primary to the secondary take place before the secondary fills its Roche lobe, a tight system is formed. This can explain J1141−6545. If the secondary fills its own Roche lobe and undergoes CEE before the primary fills its Roche lobe for the second time, the second phase of conservative mass transfer widens the binary. This can produce a system similar to B2303+46. The final parameters of the systems produced depend very strongly on the prescription for CEE we use and in particular on the value of α CE . In either prescription, we can model both systems using a single value of α CE . This is in stark contrast to the results of Tauris & Sennels (2000) , who find that the value of α CE that they use has very little effect on their results. We find this difficult to reconcile with our observation that changing the value of α CE drastically changes the number of systems that form WD-NS binaries and the parameters of those that do form. Without inspecting the details of the authors' models, it is difficult to say whence these differences arise.
The results we have presented demonstrate the importance of considering both the population synthesis and detailed modelling approaches when attempting to model a stellar system. For a complex system such as this one, we have shown that ad hoc arguments, such as those used by DRK, are insufficient to constrain the phase space of progenitor systems. Use of a population synthesis code such as BSE reveals the effect of the added complexity caused by fully including stellar evolution and the effect of interactions between the stars. Use of BSE allows us to produce models of a very large number of systems efficiently and hence to investigate a large parameter space. Use of a fine grid in interesting regions of the parameter space revealed formation pathways that were not visible in the coarser grids of the detailed simulations. On the other hand, the full simulations provide a useful check on the results of a population synthesis code. We found that, when modelling a given binary star system, STARS and BSE gave different results. Some of these differences are caused by different prescriptions for CEE changing the evolution of the size of the system and some due to the lack of convective overshooting in the STARS models. These Results for evolution at a = 60 varying the value of α CE . The left-hand panels show the final outcome for the different initial masses, the right-hand panels the separation-eccentricity distribution (cf. Fig. 5 ). The upper panels have α CE = 1.5 and the lower panels α CE = 5. two factors made the comparison of individual systems difficult and rather fruitless. However, a significant systematic difference can be seen across all the sets of models, namely that mass transfer from a helium giant to a WD, which BSE always finds to take place via CEE, is stable under the assumption, used in STARS, that the mass is lost from a disc around the accretor. This different result may explain why BSE seems to produce relatively fewer wide B2303-like systems.
In summary, we show that the accurate modelling of the formation of these binaries is more complex than previously thought. We have shown that a population synthesis code is a suitable tool for undertaking such an analysis but that recourse to a detailed code is also wise to check that there are not significant systematic differences between the results from the two codes. We further show that it is possible to form both systems using either code, given an appropriate choice of the CEE efficiency parameter. 
